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Abstract 
The notion of a T-structure was introduced by Cheeger and Gromov (1986). We prove that the 
bordism groups of 4-manifolds with T-structure and singular T-structure are both infinite cyclic 
groups detected by singnature. 0 1998 Elsevier Science B.V. 
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0. Introduction 
The notion of a local action of tori on a manifold is a generalization of an action 
of a torus. Tori, possibly of different dimensions, act on open subsets of the manifold 
and these actions fit together on overlaps in such a way that the torus acting on one of 
the sets injects homomorphically into the torus acting on the second one. If we assume 
that each of these actions is without fixed points then the local action of tori is called a 
T-structure. This notion appeared in the context of collapsing Riemannian manifolds in 
WI. 
An interesting problem is the classification of manifolds admitting T-structure and 
finding suitable invariants of the structure. In this paper we concentrate on the notion of 
bordism. 
The bordism group of an oriented compact 3-manifold with T-structure and polar- 
ization was calculated in [6]. An explicit construction of a filling of a 3-manifold with 
T-structure by a 4-manifold with T-structure with singularities was given in [14]. 
In this paper we prove the following theorem. 
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Main Theorem. The bordism group of a compact oriented 4-manifold with T-structure 
(local action of tori, respectively) is equal to Z and the isomorphism is given by signature. 
In case of a T-structure there is a generator with signature 2, and in case of local action 
of tori there is a generator with signature I. 
I would like to thank Tadeusz Januszkiewicz for some helpful conversations. 
Definition 0.1. We say that a smooth manifold M admits a T-structure (local action of 
tori) if there is a covering {UOI}CYE,r of M by open sets such that for each (Y E A there 
is a torus T”o which acts smoothly and effectively on U, without fixed points (possibly 
with fixed points): 
O,IT”~ xU,+U, 
and if lJ,p = U, n U,s # 8 and Ic, < kp then there exists a monomorphism 
tap : T”- --) T”” 
such that the following diagram is commutative: 
T”- x Ucyp 5 Uap 
Eaq x iduO 
I 
i&r,, . 
1 
Tk” x UQp -% Unp 
Moreover, if U, n Up n U, # 0 then &.,&p = &, (provided k, < kp < Icy). 
An atlas of the local action is the collection of sets and maps 
(VC&/I; {&X]CY,n; &3](a,/3)EAo). 
Here A, is the set of those pairs (a, ,B) for which lap is defined. 
T-structure was introduced in [2] in Definition 1.6. 
Examples 0.2. Here are examples of T-structures which are not torus actions. 
(1) 
(2) 
(3) 
Let T3 -+ N + S’ be a T3 bundle over S’ with monodromy A E S&(Z) = 
Aut+(T3). The manifold N admits a T-structure. If we assume that the matrix 
has no integer eigenvalue then the T-structure has no compatible S’ action. 
Similarly, let N be a T2 bundle over a surface with structure group in GLz(Z) 
with orientable total space. The T-structure has compatible S’ action if and only 
if there is a common eigendirection T’ < T* for all monodromy matrices. The 
eigendirection corresponds to integer eigenvector in Z2 with eigenvalue 1 repre- 
senting the subgroup T' . 
An S’ bundle over a nonorientable 3-manifold with orientable total space does 
not have a compatible S’ action. 
The examples (l)-(3) represent manifolds with pure T-structure of rank 3, 2 and 1, 
respectively. All these manifolds have signature zero according to the result of [2]. 
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(4) Let us construct a manifold M, which may be called a 4-dimensional graph man- 
ifold, in the following way. Let MI be a disjoint union of a collection of T2 
bundles over surfaces with boundary such that the monodromy over each bound- 
ary loop is parabolic. Over the boundary loops the T2 bundles have T’ subbundles 
corresponding to the eigenvectors of monodromy matrices. Let Mz be a disjoint 
union of a collection of T’ bundles over 3-manifolds with boundary. Let us as- 
sume that a(M,) is diffeomorphic to d(_V*) and the diffeomorphism f restricted 
to each boundary component of N1 is an isomorphism of T’ bundles. Let us put 
M = M, Uf M,. 
(5) In [lo] we give an example of a spin 4-manifold having signature 16 with mixed 
T-structure. Such a manifold can not admit an S’, T2 or T’ action. This follows 
from the Atiyah-Hirzebruch theorem which states that the A-genus of a spin 4k- 
manifold admitting an S’ action is zero [l]. 
(6) Elliptic surfaces having singular fibres only of type Ib admit singular T-structure. 
h-3 surfaces with such a fibration are described in [8, Section 51. Here we sketch 
the construction of a T-structure. 
Outside a small neighbourhood of the singular fibers the T-structure is defined by the 
T2 fibration of the elliptic surface. A small tubular neighbourhood U of a singular fibre 
F of type lb can be constructed by means of plumbing disk bundles over spheres along 
a circle. The plumbing can be performed locally T2 equivariantly. Thus there is a T2 
local action on U. N = a(u) is diffeomorphic to a T2 bundle over S’ with parabolic 
monodromy. In fact there are two fibrations on N which are not compatible. One comes 
from the constructed T2 local action and the second one comes from elliptic fibration 
(after small perturbation). In both fibrations there is a T’ subfibration such that a multiple 
of a fibre represents a commutator in rrl (N). After a small perturbation both T’ fibrations 
coincide. 
The singular T-structure is constructed by taking a T2 local action corresponding to 
elliptic fibration on the regular part of M, i.e., M - Ui Ui, a T2 local action on the 
small tubular neighborhood of singular fibers and a T’ action in the neighbourhood of 
u, a(G). 
We may perform a sequence of logarithmic transformations in regular part of M. The 
obtained manifold also admits singular T-structure. 
(7) The reader will find a number of interesting examples of T-structures in [2]. 4- 
manifolds with T-structure (or more generally F-structure) appear among those 
4-manifolds which admit geometric structure. These were studied by M. Ue. See, 
e.g., [16]. 
Definition 0.3. We say that two n-manifolds MI, Al2 with T-structures (local action 
of tori) are cobordant if there exist an (n + I)-manifold W admitting T-structure (local 
action of tori) product near the boundary, such that aI&’ = MI U -IV2 and the T-structure 
(local action of tori) on IV restricted to aIV gives the corresponding T-structures (local 
actions of tori) on Ml and &fz. 
The manifold W is called the truce of the bordism. 
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Notation 0.4. Let us denote by MC”) the union of those U, for which k, is equal 
to an integer k. It is an open submanifold of M. If m E Mck) then the orbit of m 
(denoted [m]k) of the local TL action is the orbit of m of an action 8, such that 
m E U, and k, = k. According to Definition 0.1, [m]k does not depend on (Y. Let Xc”) 
denote the orbit space of A!l(“) with the quotient topology. (See the slice theorem [17, 
11.4.41.) Let us denote the quotient map MC”) t Xc’“) by Wk. Let us denote a connected 
component of M (‘) by M!“) where i is a certain index. Set M(“>‘) = MC”) n M(l) and 
M(k)L)T) = MC”) n M(l) GM(‘). If m E M(“>‘), k 6 I then there is a map wp sending 
[m]k to [m]l, i.e., zi71 = WfWk. 
Definition 0.5. The orbit space of a local action with an atlas 
(UJakl; {~Cz~CYEn; &3](a,B)EAo) 
is a collection of the orbit spaces X ck) together with projections WI” for k < 1 such that 
M(“>l) # 0. 
Assumption 0.6. We assume that the covering of M by the open sets U, is locally finite, 
i.e., each compact set meets only a finite number of sets of the covering. Moreover we 
assume that the closures of the sets U,, M ck), Mck,‘) and M(“,‘,‘) in M for all (Y, k, 1 
and T are manifolds with piecewise smooth boundaries and that the corresponding pure 
tori actions on each of these sets (i.e., local actions of T”-, T”, T’ in case 1 3 k and 
T’ in case T > 1, k correspondingly) can be extended to the closures. Let us denote 
the orbit spaces of the corresponding closures by cl(Ua/Tk~), cl(X(“)), c~(X(“,~)) and 
cl(X(“~‘)~)). Moreover we assume that the image of M(“)‘) for any k, 1 in cl(X(‘“)) and 
in cl(X(l)) is a collar neighbourhood of a part of the boundary. 
We do not lose generality by starting from these assumptions since we can choose a 
subatlas of the maximal atlas of the T-structure (local action of tori) having the described 
properties. 
1. Behaviour near an orbit 
The following statements are consequences of the slice theorem for smooth actions of 
compact Lie groups on smooth manifolds. 
Fact 1.1. If M is orientable and admits a local action of tori then the following sub- 
groups of T” (k = 1,2,3,4, respectively), can appear as isotropy groups of a point 
p E MC”): 
- {l}, Z,, T’ for p E MC’); 
- {l}, 2, x 2, < T’ x T’ (m, n-relatively prime), T’ a one dimensional torus, and 
T* for p E MC*); 
- {l}, T’ for p E Mc3); 
- (1) for p E Mc4). 
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Fact 1.2. According to the slice theorem there are smooth coordinates of a small tubular 
neighbourhood qf an orbit of a point p E M such that the quotient map locally takes 
one qf the following forms. 
(a) For p E M(‘): 
_ (f p is a principal point 
D’ x T’ + D’. (z t) - “7; 
_ if p has finite isotropy group Z, 
D’ x (D* xz,,, T’) + D’ x D2, (X! I& tl) - (z P), 
where Z, acts on D2 x T’ by X(z, t) = (Xz, Xqt) for some q with gcd(q, m) = 1 
and a generator X of Zm; 
_ if p is a fixed point in 2-dimensional stratum 
D’ x (0’ xT’ T’) 4 D’ x [O. 1). (Y, b.4) - (Yyl I4)T 
where T’ acts on D’ x T’ by ~(x,t) = (72, (r)-‘t); 
_ if p is an isolated fixed point 
D’ x D* + D2 xTj D*” D”. (2-Y) - hY1, 
where T’ acts on D2 x D2 by t(x,y) = (t*x, tqy); for some p,q with 
gcd(p, q) = 1. 
(3) For p E XI(*): 
_ if p is a principal point 
D’ x T’ + D*, (2, t1, t2) - 2; 
_ if p has finite isotropy group Z,, 
D2 xz,,, T2 + D*. [&tl~t*] - Zrn, 
where Z,,, acts on D* x T2 by X(X, t’, t2) = (AZ. X”tl, Xbt2) for some integers 
a, b; 
_ if p has isotropy T’ 
D’ x (D’ xT1 T2) + D’ x [0, l), [x: z; t1, t21 - (xc, kl), 
where T’ acts on D* x T* by ~(2; t’, t2) = (~2; (T)-‘tl: tz); 
_ if p is a fixed point 
0*~0*~~~T*=0*~0~+[0,1)~[0,1), (z’,z2)t+(Iz’(,/4), 
where T* acts on D2 x D2 x T2 by 
(~1:~2)(Z’,Z2.tl>t2) = (mw-?~2,(~‘)-‘t’,(~2)-‘t*). 
(y) For p E ,%I(3): 
- if p is a principal orbit 
(-I, 1) x T’ + (-l,l), (x,t,,t2,t3) -xi 
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_ ifp has isotropy T’ 
D* xTt T” + [0, I), [Z;tl,t2,t3] - 121, 
where T’ acts on D* x T3 by r(z; tl, 152, t3) = (~2, (r)-‘tl, t2, t3). 
Remark 1.3. According to Definition 0.1, a T-structure locally coincides with effective 
action of a torus without fixed points and local action of tori coincides with effective 
action of a torus without any condition on orbit types. The local picture is thus the 
same as for the locally smooth effective action of a torus which is described, e.g., in 
[5,12,13]. 
Remark 1.4. From Fact 1.2 we obtain in particular that the target spaces are topological 
manifolds. The theory concerning smooth structure on the orbit space for smooth actions 
of compact Lie groups on smooth manifolds is developed in [4]. 
2. Global picture 
M is a sum of MC”) for Ic = 1,2,3,4. 
An open dense subset of each MC”) (k = 1,2,3) consisting of principal orbits 
is diffeomorphic to the total space of a T” bundle over a dense open subset of 
XC”). 
2.1. X(‘) is a topological 3-manifold possibly with boundary. 
- The boundary corresponds to the 2-dimensional stratum of the set of fixed points 
(i.e., non-isolated fixed points). Let us denote wT’ (ax(‘)) by Fix;‘). 
- The zero-dimensional stratum of the set of fixed points, Fixi’), consists of isolated 
points. 
- The quotient map IZ’ restricted to Fix;‘) U Fixi’) is one-to-one. 
- There is a two-dimensional submanifold Fin;‘) of MC’) which corresponds to points 
having finite isotropy subgroups. a(Fin$,‘)) c Fix:‘). 
_ The subset of MC’) consisting of principal orbits, i.e., 
Pr(‘) = MC’) - (Fix;‘) U Fixi’) U Fin;‘)) 
is diffeomorphic to the total space of a (S’, O(2))-bundle (i.e., with fibre S’ and 
structure group O(2)) with the base Pr(‘)/T*, having natural smooth structure. The 
quotient map EZ’ (restricted to Pr(‘)) corresponds to the projection onto the base of 
the bundle. The holonomy along an orientable loop on the base is in SO(2) and 
over a nonorientable loop is in O(2) - SO(2). 
_ There is a small 2-disk in Xc’) normal to Fini’)/T’ such that the subset of ill(‘) 
lying over the disk is a smooth manifold and is diffeomorphic to the neighbourhood 
of an exceptional fibre in a 3-dimensional Seifert fibration. The type of this fiber 
depends only on the connected component of Fin;‘). 
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2 2 The connected component M!*) of A4c2) is of one of the forms: . . 
(a) Let M!*) n (M(l) U Ad3) dAd4)) = 0. 3 
- hl;j*) is diffeomorphic to the total space of a (T2% Aff(T*)) bundle over a 
closed surface (the orbit space Xi*)) if the local action is free. 
- If we admit only principal and finite isotropy orbits then f\f:2) is diffeomorphic 
to a 4-dimensional Seifert fibration over a surface (the orbit space Xj2’). 
- In other cases Af,(*) is diffeomorphic to the quotient of a 4-dimensional Seifert 
fibration over a surface with boundary (the orbit space X3(‘)) by means of the 
equivalence relation collapsing fibers over the boundary according to l- and 
2-dimensional isotropy subgroups. For more details see [9]. 
(b) Let Mj” n (MC’) U Ad3) U Mc4)) # 0. The orbit space Xj’) is homeomorphic 
to a surface with boundary. According to Assumption 0.6, X3’*) c cl(Xi’)). Let 
a(cl(Xj*))) denote the boundary of the topological 2-manifold c1(Xj2’). The set 
a(cl(x”‘)) - x!‘) . IS the orbit space of a(Mj2’) - ILfj*‘. We can treat it as a 
borderlke betwek Mj2) and MC’) U Ad3) U IV(~). In fact we ignore here a small 
collar neighbourhood of Mj*’ n (MC’) U Afc3) U hd4)) (see Assumption 0.6). Mj” 
admits a local T2 action. It is constructed from a 4-dimensional Seifert fibration 
over Xi*) by means of the equivalence relation collapsing fibers over the boundary 
according to l- and 2-dimensional isotropy subgroups. (See [9].) 
m~‘(dX~“) = Fix:) U Crj, where Fixi” is the image in the orbit set XI”) of the 
fixed point set in A$” and Crj is the set of orbits in Xi’) with isotropy group T’. Orbits 
with isotropy group T’ are diffeomorphic to S’. 
Let us denote by Fin (2) the subset of M(*) consisting of point with finite isotropy 
groups. Its image in Xc2) consists of isolated points in the interior of Xc*). A small tubular 
neighbourhood of a finite isotropy orbit is diffeomorphic to the tubular neighbourhood 
of an exceptional fibre in a Seifert 4-manifold. 
2.3. A connected component iVlf) of M(3) is equivariantly diffeomorphic to one of the 
following manifolds: 
- D2 x T* U@ D2 x T2 (4 E Aff(T3)), 
- T’ bundle over S’ with monodromy from Aff(T3), 
- D* x T2 E [0, 1) x T”/ -, where N is the equivalence relation which identifies 
points over (0) which are in the same orbit of the isotropy subgroup T’, 
- (-l> 1) x T’. 
In the first two cases we may assume that Mi3) f’ (M(‘) U M(*) U Ad4)) = 8 (see 
Lemma 3.1 below). 
2.4. M(4) is a disjoint union of several copies of T4. We may assume that M(“,4) = 8 
for k # 4 (see Lemma 3.1 below). 
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Remark 2.5. Let 2 E P$)/T’. The group ~1 (X,“), z) acts on Hi (T2) (T2 a principal 
fibre represented by 2) preserving the skew symmetric intersection form up to orientation. 
Thus we have a monodromy representation 
~1 (X!2’, z) + GLz(Z). 3 
Nonorientable monodromy corresponds to nonorientable loops. 
3. Preparatory lemmas 
Lemma 3.1. 
(1) Let U c Ad(“) b e un open set. Let V c cl(V) c U n AI(‘). There is a bordism 
W = A4 x [O, 11, with product local action in (M - cl(V)) x [0, l] such that 
v x (1) c (M x {l})(Ic) - (M x {l}#? 
(2) Let U c Ad(“) b e an open set. Let V c U be an open subset such that U - V c 
hdk>‘). There is a bordism W ” M x [0, 11, with product local action in V x [0, l], 
such that (U - V) x { 1) c MC”) - M(l). 
Proof. It suffices to define the sets (M x [0, l])(i), i = 1,2,3. 
In (1) let us put 
(M x [O l])(i) = Mi) x [0, l] for i # Ic, 1, 
((A4 - I;) x [O l])(i) = (M - U)(i) x [0, l] 
u x [O, l] r-l (i x [O, l])(k) = u x [O, 11, 
for i = 1,2,3, 
U x [o,l] n (M x [o, 1])(1) = (U n M(l)) x [o, 1/2)u (U - d(V)) x [l/2,1]. 
In (2) let us put 
(M x [O l])(i) = A.0 x [O,l] fori#Z, 
(U x [0,‘1])(“) = u x [O, l/2) u v x [l/2, 11. 0 
Lemma 3.2. A 4manifold admitting T-structure (local action of tori) admits cobordant 
T-structure (local action of tori) with ISI(~) = Mc4) = 8. 
Proof. Ad4) is a disjoint union of several copies of T4. According to Lemma 3.1 we 
can assume that A4c4) n (Ad’) u A4 c2) U Mc3)) = 8. T4 = a(T3 x D2). We can define a 
T-structure (local action of tori, respectively) on T3 x II2 extending that on T4. 
We can change the T-structure (local action of tori, respectively) on M by bordism 
so that components of MC31 will be replaced by parts of MC21 U Ad’). If we forget the 
local action the bordism is the product A4 x [0, 11. 
The orbit space corresponding to a connected component Mj3’ of MC31 is homeomor- 
phic to (-1, l), [0, l), 5” or to [0, 11. In the latter case, up to a bordism (see Lemma 3.1) 
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Ml’) n (M(l) u Mc2)) = 0. Moreover, by means of a bordism we may change the T- 
structure (local action of tori) so that the components lying over [0, l] will be included 
in Mi’) _ (MC21 U MC’)). 
If the orbit space of M,(‘) IS S’, then Mj3’ is a T’ bundle over S’. We first apply 
Lemma 3.1 in order to make Mi3) n (M(l) U Ai( = 0. Next, over one half of S’ we 
introduce a T’ action by choosing a T’ < T3. Then using Lemma 3.1 we change A!!;” 
so that its orbit space is a subinterval of S’ homeomorphic to (- 1, I). 
(3) In the remaining cases the orbit space of MJ is homeomorphic to (- 1. 1) or to 
[0, 1). There is an E > 0 so that the part of b1;” lying above (- 1: - 1 + E) in the first 
case or above (1 - E, 1) in both cases is included in Mc2,‘) U Af(‘s”). Let us choose 
an orbit p of the T3 action belonging to one of the above intervals. Here p C A$” or 
p E XI’). If p c M(‘) - MC21 then there is a small neighbourhood VP of p E Xi3) such 
that VP x T” c M(‘,3). If AJ(2) n p # 8 then all components of this set correspond to 
the same two dimensional acting torus T2 < T’, where T’ is the acting torus on the 
component of M3). 
In fact a connected component of Mc2) n p is equal to 
for some interval (a, b) c T’ (in appropriate local coordinates of T’) and a suitable 
splitting: T” = T’ x T’ x T’. Any affine embedding of T2 (an orbit of the T2 action) 
into T3 corresponding to another component of MC21 n p is of the form 
If the first coordinate of this map is a surjective map onto T’ then the second component 
of MC21 np must intersect the first one. This is a contradiction. Thus the first coordinate 
is a constant map on the point si E T’ and other two are surjective. This means that the 
acting torus is the same as in the first component (orbits differ by translation in the first 
coordinate). 
A similar property holds for all points in a small open neighbourhood VP of the point 
p E xj” with the same acting T2. We can thus extend MC21 by bordism to the whole 
set VP x T3 not changing MC’) and A4c3). 
Let us assume that X3”’ = [0, 1) and VP = (c, d) C (1 - E, l), where VP (as defined 
above) has one of the properties: VP x T3 c MC’) or VP x T3 c Mc2). Let us denote 
the part of Mj3’ lying above [0, c] c Xj3’ by M!3) and above [d, 1) c Xc3) .l.c J by M;;;. 
There is a bordism W ” A4 x [O. l] (see Lemma 3.1) such that 
hlj(l) x {I} n (M x {I})(‘) = Ad3) ~,c x {I} n (M x {1})(2) 
=M~,‘x{l}n(Mx{l})(‘)=0. 
After applying a similar argument in the case X3”’ = (-1, 1) and Lemma 3.1 we 
can assume that a connected component of MC31 n (MC’) U IV(~)) is equivariantly dif- 
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feomorphic to (e, f) x T3 for some small interval (e, f) c Xj3) and is included in 
(MC’) - M(2)) u (M(2) - MC’)). 
In the case Xj3) = [0, 1) the component M (l) (or Mc2)) can be extended from M(l) n 
M!3) (or MC21 I-S M!3), respectively) to the whole component of MC31 by including the 
co&esponding actin: torus into T3. 
In the case Xj3’ = (- 1, 1) we can extend the components of M(‘,3) or M(2>3) to 
parts over (- 1, - l/2) and (l/2, l), respectively. If the acting tori at both ends are, let 
us say, T,’ and Ti < T3, then over (-2/3,2/3) we put a subgroup generated by these 
subgroups. If we have Tf and Ti, then over (-2/3,2/3) we put the intersection. If we 
have tori of different dimensions, then over (-2/3,0) put a torus of different dimension 
then over (- 1, -l/2) incident to it and over (- l/3,2/3) as above the intersection or 
the group generated by the groups over (-2/3,0) and (l/2,1). The above changes can 
be depicted on MC31 x [0, I] defining a bordism between the original manifold and the 
changed one. 
Lemma 3.3. A 4manifold M admitting local action of tori such that Mc4) = Mc3) = 8 
is cobordant to a manifold M’ admitting local action of tori with M’c4) = M’c3) = 
M’c2) = 0. 
Proof. Xc21 = Mc2)/T2 is a 2-manifold with the open dense subset corresponding to 
principal orbits. Let us take a connected component Xi2) of Xc2). If aXj2) = 8, then by 
means of a bordism we can introduce a boundary component to Xi2) corresponding to 
a T’ isotropy. This can be done by means of the surgery: 
M’ = (M - (D2 x T2)1) Ua (T2 x D2)2, 
where (D2 x T2) 1 is the tubular neighbourhood of a principal orbit and (T2 x 0’)~ is 
the standard filling of T3 = CI(D2 x T2) I in which some generator of ni( (D2 x T2) 1) is 
trivial. 
Let us take a simple path y E Xc2) z -a2(FinC2)) with endpoints in aXj2). Let us assume 
that the endpoints of y with respect to some trivialization over y have assigned isotropy 
subgroups (m, n) and (m’, n’). From the elementary theory of continued fractions we 
know that there is a sequence of pairs of relatively prime integers (mj, nj), each denoting 
a subgroup T’ < T2 such that (mc, no) = (m, n), (mk, nk) = (m’, n’), with the property 
that each pair of integer vectors (mj,nj), (mj+l, nj+l) for j = 0,. . . , k - 1 represents 
a base of Z2. 
Let us perform a sequence of surgeries in the following way. Let us parametrize y 
by the interval [0, l] so that 0 corresponds to (mc, no) = (m, n) and 1 to (mk, nk) = 
(m’, n’). For j = 1, . . , k - 1 let us introduce a boundary component of Xj2) with 
isotropy (mj, nj) near a point y(j/k) by the surgery described at the beginning of the 
proof. We may now assume that y has split into Ic disjoined intervals yi, . . . , yk, each 
joining a boundary component with isotropy (mj, nj) with a boundary component with 
isotropy (mj+i, nj+i) for j = 0,. . . , k - 1. 
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Then for each pair of integer vectors (mj, nj), (mj+l 3 nj+l) and a path ?j+t for 
j = o...., k - 1 let us perform a surgery, locally being the reverse of an equivariant 
connected sum. The submanifold of M lying above yj+t is equivariantly diffeomorphic 
to the sphere S3 along which we perform the surgery. It corresponds to cutting XJ2) 
along the path ~~+t and introducing two fixed points in the place of ~j+i. 
After the surgeries int(X(“) is homeomorphic to int(Xj2) - y). 
In this way, by means of a sequence of surgeries of similar type we obtain a man- 
ifold hJ such that each connected component XJ2) of Xc21 is simply connected or is 
a cylinder with one boundary component corresponding to singular orbits of jVi*) and 
the other to J%~T(‘,~). Moreover we can assume that the image of M(1,2) in cl(Xz(“) is 
connected. 
We can change the atlas of the manifold so that N (*) will be included in MC’). This 
can be done by means of Lemma 3.1 and arguments given in proof of Lemma 3.2. This 
shows that the resulting manifold is cobordant with a manifold having pure rank 1 local 
action. 
4. The Main Theorem 
Definition 4.1. By a standard T* action on CP2 we mean the action given by the 
formula: 
(tlrt2)(a,Q,a) = (tlZl,t2Z2,%) 
where the point (ti, t2) E T2 c C2 is written in complex variables and (zi, 22, zs) E C” 
are homogeneous coordinates of CP2. 
Theorem 4.2. A compact orientable 4-manifold with local action of tori is cobordant 
with the disjoint union of &CP2 with standard T2 action. 
Proof. We can assume that MC21 = MC31 = MC41 = Cn. 
The fixed point set of M = MC’) consists of a closed 2-manifold Fixi’) = 
zzF’(a(X(‘))), and the discrete subset Fixi’) c 7z;‘(int(X(‘))). 
We first perform a surgery on Fix:‘) if this set is not empty. We know that it bounds a 
topological 3-manifold X(l). See Fact 1.2, Remark 1.3 and 2.1. Thus we may assume that 
(1) after a suitable equivariant surgery the stratum Fix, IS changed into a torus with Euler 
number of the normal bundle in M equal to some integer k. The T’ local action can 
be extended to a T* local action in a small T’ invariant closed tubular neighbourhood 
v of Fix;‘). This is possible since v is T’ equivariantly diffeomorphic to a D2 x 7” 
bundle over S’, denoted i;, with monodromy from SLZ(Z) having trace 2, where D2 
corresponds to the integer eigenvalue of the monodromy matrix. The local action of T’ 
on the bundle corresponds to the standard action on D2. The diffeomorphism can be 
chosen in such a way that the orbits of the induced T’ action correspond to a subgroup 
T’ < T2 preserved by the monodromy. The action of T* on the fibers of ii corresponds 
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to the standard action on D2 x T’. If Ic # 8, then up to orientation fi is a j,k]-sheeted 
covering of the manifold described in Example 1.7 from [2]. 
According to the method given in [5] (see 3.6, 4.4, 4.7), which is local, the smooth T’ 
local action can be extended by a T2 local action in the neighbourhood of Fix;‘) UFin(‘). 
We obtain a new local action of tori on M. According to the description of normal 
bundles to corresponding isotropy strata given in [4] the method can be improved so that 
after the extension we will have a smooth local action of tori. We first extend the local 
action in the tubular neighbourhood of Fixi’), . i.e., D2 x D2 (see Fact 1.2(a)), then in 
the rest of the tubular neighbourhood of Fixi’) U Fin(‘) since there are no obstructions 
caused by the structure group of the bundle normal to Fin(‘). 
So far we have proved that M is cobordant (as a manifold with local action of tori) 
with a manifold M’ such that 
- M’(3) = n/r’(4) = 0, 
_ M’(2) is a sum of v and the corresponding tubular neighbourhood of Fixt)UFin(‘) c 
M = MC’), 
_ M’(‘) consists only of principal orbits. 
In particular there are no finite isotropy orbits in M ‘c2) From [5] a neighbourhood of . 
a connected component of Fixi’) U Fin(‘) IS equal to D2 x D2 (in case of a fixed point 
isolated from the stratum Fin(‘)) or can be constructed by plumbing D2 bundles over 
spheres S2 according to an interval or a circle. 
In the first two cases, i.e., when the connected component of (Fixi’) U Fin(‘))/T’, 
denoted S, is a point or an interval we choose a curve y : [0, l] + X’(‘) such that S U y 
is homeomorphic to S’ . We assume that y satisfies the additional property: 
- There are tubular neighborhoods of the fixed points n~;‘(y(O)), m;‘(y( 1)) of the 
form described in Fact 1.2(a) such that for each one wi ((0) x D2) or wi (D2 x (0)) 
coincides with a subcurve of y. 
_ y is smooth with respect to the smooth structure of X’(‘) defined in [4]. 
Here w;’ (y) plays a role of a connected component of the stratum Fin(‘) correspond- 
ing to 21 isotropy subgroup. 
We change the atlas in the tubular neighbourhood of CD;’ (7). In a manner similar to 
[5, 3.6, 4.4, 4.71 and in case of the strata Fixi’) U Fin(‘) we extend the local T’ action 
by local T2 action. 
In the resulting manifold, denoted by IV”, M”(2) is a sum of some copies of v and 
a manifold constructed by plumbing D2 bundles over spheres S2 according to some 
circles. 
We may thus assume (after changing the atlas if necessary) that the subset of the 
boundary of cl(X”c2)) corresponding to M”(1>2) is a sum of circles. 
After the additional T2 equivariant surgery, corresponding to taking connected sums of 
components of w2 (Ad’ >2) , WI (Ad’(‘)) and w~(M’(~)) and changing the atlas, we obtain 
a manifold M”’ with LM”‘(‘>~), a(cl(X”‘(‘))) and a(~l(X”‘(~))) connected. In particular 
a(cl(X”‘(‘))) is a torus or a Klein bottle. 
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Let us, for simplicity, use the notations M, X etc. instead of M”‘, X”‘. A suitable 
double cover G(‘) of MC’), corresponding to the orientation sheaf on Xc’), admits free 
circle action. So there is a classifying map 
which maps orbits to fibers of the universal S' fibration. M(l) is 4- and X(‘) is 3- 
dimensional. We can assume that the surgeries and changes of atlases (see above) may 
be performed in such a way that 0.6 is valid. Thus M -(I) has compact closure being a 
smooth S’ bundle over the corresponding closure of X (‘1. Using a smooth approximation 
of the classifying map and Sard’s Theorem we can homotope f fiberwise to a map having 
image in the total space of the Hopf fibration S3 -+ CP'. 
The boundary of X(l) is a double covering of d(cl(X(‘))) corresponding to the ori- 
entation sheaf on X(‘). Thus it is a torus or a disjoint union of two tori. Since the map 
f restricted to X(‘) gives a singular cycle, being a boundary, the degree of fia(cl(~c,,)) 
is 0. Thus the monodromy of the T2 fibration along the corresponding boundary loop 
in d(cl(X(‘))) is fl. We can separate A4 (l) from MC21 by bordism introducing some 
isotropy (T’)’ in Mc2) such that (T'), n (7”)~ = {l}, where (T’)2 corresponds to the 
acting torus in M(l). 
The corresponding operation is performed by cutting M T2-equivariantly along a 
submanifold lying over a(cl(X(‘))) and collapsing fibers of the T2 fibration on the 
resulting boundary in the direction of (T’ ) 1. 
The obtained manifold is a disjoint union of MC21 (without finite isotropy orbits) and 
M(‘) with free local action. MC’) as an S’ bundle bounds a D* bundle N. The local T’ 
action obviously can be extended to N. 
Using again surgery as in the proof of Lemma 3.3 we can assume that MC21 is simply 
connected and thus admits a global action of T2. Then by [ll], MC21 is equivariantly 
cobordant with disjoint union of d&'P2 since Hirzebruch surfaces and S4 equivariantly 
bound. 
Remark 4.3. If MC21 = MC31 = MC41 = 0 th en we can prove that the manifold is 
cobordant as a manifold with local T’ action with disjoint union of fCP2 in a different 
manner. The methods for T’ actions in [7,15] can be extended to local T’ actions. We 
obtain that M is cobordant with a disjoint union of K'P2. Then we change the T' 
action into the compatible standard T* action. 
Definition 4.4. Let S be a 4-manifold constructed from CP2 with standard T2 action by 
performing an equivariant connected sum along two fixed points. There are essentially 
two possibilities of such an operation. We choose one of them. S has one fixedpoint and 
signature the same as CP2, i.e., 1. 
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Let R be an equivariant connected sum of two copies of S along fixed points. So 
sign(S) = 1, x(S) = 1 and sign(R) = 2, x(R) = 0. (See also [2, Example 1.91.) 
Theorem 4.5. If the local action on M is jixed point free, then M is cobordant with 
a disjoint union of fR. Moreovel; the trace of the bordism can be chosen to be fixed 
points free. 
Proof. sign(M) is even since x(M) = 0. Thus M is cobordant as a manifold with local 
action of tori with a disjoint union of several copies of the manifold R. If we follow 
all steps of the surgery starting from a manifold with T-structure we will see that fixed 
points on the trace of the bordism may appear in constructions given in Lemmas 3.2, 3.3 
and Theorem 4.2. 
In Lemma 3.2 we can omit introduction of fixed points. 
In Lemma 3.3 the operations being the reverse of local connected sums introduce fixed 
points. In the 5dimensional trace of the bordism the operations can be treated as “birth 
points” of l-dimensional stratum of fixed points. In Lemma 3.3 we also change atlases. 
In this case we can leave small neighborhoods of the fixed points in Mc2). This does not 
interfere with applying the method of [5] as in proof of Theorem 4.2. 
In Theorem 4.2 we introduce a 3-dimensional stratum of the fixed point set of the 
trace. It corresponds to filling T’ bundle over X (‘1 by D2 bundle. Below we construct a 
filling of MC’) by a manifold with T-structure, i.e., without fixed points. In Theorem 4.2 
we also close the l-dimensional stratum of the fixed point set of the trace by means of 
“death points”. See [l l] and Remark 4.3. 
Thus the trace of the bordism W can be chosen in such a way that: 
- in the neighbourhood of l-dimensional stratum of the fixed point set it admits pure 
local T2 action with only { 1 }, T' , T2 as isotropy subgroups, 
- in the neighbourhood of 3-dimensional stratum of the fixed point set it admits pure 
local T’ action with only {l}, T’ as isotropy subgroups. 
Moreover we may assume that these strata of the fixed point set WF in W are con- 
nected. If not we perform a suitable surgery on IV with support disjoint from i3I.V. 
5. One-dimensional stratum of WF 
The tubular neighbourhood of l-dimensional stratum of WF is equivariantly diffeo- 
morphic to a bundle with fibre D2 x D2 and base S’. T2 acts on fibers in the standard 
way. The monodromy of the bundle is equal to one of the matrices: 
1 0 
*I=+ o 1 , ( 1 IkE=f 0 1 ( 1 1 0 
If we remove the neighbourhood from W we obtain a manifold IV’. The corresponding 
component of a(lV) is equivariantly diffeomorphic to the total space of an S3 bundle 
over S’ with the corresponding monodromy. We show that a(lV’) can be filled by a 
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5-manifold with local T2 action without fixed points. In this way we can get rid of the 
l-dimensional stratum of the fixed point set in the trace of the bordism. 
In the first case: S3 x S’ = d(S3 x 0’) and the T2 action extends to S3 x D*. 
In the second case the total space d(w’) of the S3 bundle over S’ is constructed in the 
following way. Let us take the manifold S and let S’ = S - D2 x D2 be a T* equivariant 
submanifold of S, where D* x D2 is an equivariant tubular neighbourhood of the fixed 
point. -1 E SL>(Z) acts on CP’ by conjugating the homogeneous coordinates: 
This action induces an action on S’. We can thus construct the bundle over S’ with fibre 
S’ and monodromy -1. The manifold a(lV’) is the boundary of the total space of this 
bundle. 
In the last two cases we construct the total space a(lV’) of the S3 bundle over S’ in 
the following way. &tE acts on CP2 by the formula: 
E : (~1.22, ~3) + (~2121, ~3). -E:(z~,zz,a) + (Z2rZ,.Z3). 
These actions induce actions on S’ = S - D’ x D2, where D2 x D* is a T* equiv- 
ariant tubular neighbourhood of the fixed point, invariant under the action of *E. The 
manifold a(IV’) is the boundary of the total space of the S’ bundle over S’ with mon- 
odromy &E. 
6. Alternative filling of Ad’) 
We now prove that an S’ bundle over a closed 3-manifold X, the total space of which 
is orientable, gives a nullcobordant manifold with T-structure. 
We can find a triangulation of Xc’) such that the homology class dual to the first 
Stiefel-Whitney class is represented by a simplicial submanifold C. For each 3-simplex 
of the triangulation choose an orientation in such a way that Xc’) - C is an oriented 
simplicial 3-complex. If X(t) is orientable then C is empty. 
In each 3-simplex A3 of the triangulation of Xc’) take the l-skeleton A: of the dual 
cell complex. It consists of four intervals joining the middle point of the simplex with 
the middle points of its 2-dimensional faces. The S’ bundle over X is isomorphic to the 
S’ bundle which, when restricted to any 3-simplex A3, is trivial in A3 - A:. To each 
interval in A: we may associate an integer describing “transversal local Euler number” 
(it tells how many times the local section of the S’ bundle over the link of the interval 
wraps along the fibre when the link approaches point on the interval). The sum of these 
integers over the four intervals is zero (the S’ bundle over the boundary of the 3-simplex 
is trivial). Let D be the subcomplex of the l-skeleton of the dual complex consisting of 
those intervals to which a nonzero integer is assigned. 
If we take the assigned numbers into account, then D gives a l-cycle d representing 
an element of Hi (X, z), where 5 is a locally constant coefficient system with stalk 2 
and holonomy in 0( 1) given by the orientation sheaf on X. 
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There is an 5” bundle in the same isomorphism class satisfying the above properties 
such that D intersects with C in at most one point. 
If there is a circuit L of intervals in D not intersecting C then d = d’ + 1, where 1 is a 
1 -cycle supported in L, and d’ is a 1 -cycle supported in D - L’, where L’ is a nonempty 
subcomplex of L. An inductive argument shows that d = d” + xi li, where d = 0 or it 
is a l-cycle supported in a circuit fi intersecting C and li is a l-cycle supported in a 
circuit Li C X - C. 
Let us take a sufficiently fine subdivision of the dual cell decomposition of X. For 
each i, let LI be a circuit of I-simplices lying in a small neighbourhood of Li such that 
Li n Li = 8 for i # j and L: n 6 = 0. We can slightly change the bundle (preserving 
its isomorphism class) so that it will be trivial outside D U Ui L:. To each LB there is 
assigned an integer so that the induced l-cycle is homologous with li. 
We can kill by surgery (supported in X - C) the loops Li. The resulting bordism 
(product outside a small neighbourhood of the loops) lifts to the bordism of the total 
spaces of 5” bundles. The surgery was performed in X - C; thus the complex C has 
not changed. 
We may thus assume that for all i, li = 0. The S’ bundle is trivial over X - (C U 6). 
5 is a circuit intersecting C in one point. The assigned integer Ic can be chosen modulo 2 
since the double of 6 is homologous to an orientable circuit. Let us take an S’ bundle 
over RP2 x S’ with the obstruction to the existence of a global section supported in 
a nonorientable circuit such that the assigned integer is -Ic. By performing a suitable 
surgery on the sum of the manifolds we obtain a manifold being the total space of an 
5” bundle over a manifold X’ having global section. Thus the S’ bundle is associated 
with the orientable double cover of the base X’. X’ = aY for some 4-manifold Y. Over 
Y we take the 5” bundle associated with the orientable double cover. Now it is easy to 
check that the 5“ bundle over RP2 x S’ as a T2 bundle over RP2 admits a local T2 
action. 
Let us perform a surgery on the T2 bundle over RP2 similar to that in the proof of 
Lemma 3.3: 
M’ = (M - (D2 x T*)l) Ua (T’ x D*)2. 
(D2 x T2)1 is a tubular neighbourhood of a principal orbit and (T* x D2)2 is a filling of 
T3 = a((D’ x T2)1) such that D2 = {l} x D2 c (T* x D2)2 bounds a given subgroup 
of the fibre. The orbit space of the manifold is a Miibius strip. An equivariant surgery 
corresponding to cutting the Miibius strip into a disk gives a manifold equivariantly 
diffeomorphic to 5” x S3, where T2 acts by: 
(tl,h)(%Zl,Z2) = (tlS,t2Zl,Z2). 
Here s E 5” and (zI,z~) E S3 are complex coordinates. 5” x S3 = a(,!?’ x D4), and thus 
the manifold bounds. The T2 action on S’ x D4 given by the same formula is without 
fixed points. 
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